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Abstract
The inhomogeneous chiral phase is discussed in QCD at finite temperature and/or density. We study the phase diagram
on the density-temperature plane by taking into account the effect of the current mass by a variational method. It is
demonstrated that our framework well describes the inhomogeneous phase over the whole phase region.
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Recently the inhomogeneous chiral phases have been
actively studied in the QCD phase diagram; where the
chiral condensates (order parameter) have a spatial de-
pendence. Inhomogeneous order parameter has been
studied as well in condensed matter physics; e.g., spin
density wave [1, 2], charge density wave [3], Fulde-
Ferrell-Larkin-Ovchinikov superconductor [4, 5] and so
on. We here consider the similar subject about chi-
ral transition within QCD. It has been shown in [6, 7]
that there are exact solutions of inhomogeneous chi-
ral condensates in 1+1 dimensions and inhomogeneous
phases actually develops up to a critical temperature. It
has been shown that analytic solutions are no longer
real functions but complex functions such as D(z) =
〈 ¯ψψ〉 + i〈 ¯ψiγ5τ3ψ〉 = ∆(x)eiθ(x), and represented by the
Jacobi elliptic functions in the two dimensional NJL
model in the large Nc limit. In [8], it has been shown
that one dimensional inhomogeneous structure can be
embedded in 1+3 dimensions. He showed that the en-
ergy spectrum of quarks in the 1+1 dimensional sys-
tems can be generalized to 1+3 dimensions by operat-
ing the Lorentz boost in the perpendicular direction to
the spatial modulation. He then applied such a method
for the real kink crystal (RKC), which has a spatial de-
pendence in the amplitude of D(z); D(z) = ∆(z), and
has shown that the inhomogeneous chiral phases may
appear in the low temperature and/or moderate density
region before chiral transition in the QCD phase dia-
gram in 1+3 dimensions. Similar procedure can be ap-
plied for another type of condensations. Actually, prior
to [8], [9] have suggested that dual chiral density wave
(DCDW), which has a spatial dependence in the phase
of D(z); D(z) = ∆eiθ(z), also appears in the QCD phase
diagram within the 1+3 dimensional NJL model.
Nevertheless, many studies have considered only ide-
alized situations such as no magnetic field, no isospin
asymmetry, and no current quark mass (chiral limit).
External magnetic field and isospin asymmetry are es-
pecially important in relation to realistic implications
on the heavy ion collision or compact-star phenomena.
Since the magnitude of the current quark mass is not
more than a few MeV, one may consider that it can be
neglected. However, it actually makes inhomogeneous
phases more enriched. The current quark mass is indeed
small compared with the constituent quark mass but
the mass term breaks chiral symmetry explicitly, so the
Nambu-Goldstone boson becomes massive. This phe-
nomena is important in the low temperature and/or den-
sity region, where the physical pion mass of 138 MeV
is never small. Since the inhomogeneous phases appear
in the moderate density region (around µ = 300-400
MeV), the pion mass can not be neglected there. More-
over, in the phase boundary of chiral transition (critical
point) , where the constituent quark mass become very
small and comparable with the pion mass, we can ex-
pect the importance of the current quark mass. Actually,
it has been demonstrated that the properties of the chiral
transition have been much modified not only quantita-
tively but also qualitatively by the current mass [10].
Once the current quark mass have been switched on,
function form of inhomogeneous order parameters will
be changed from the one in the chiral limit. We here
study the change of order parameters and figure out its
consequences in the QCD phase diagram. Exact solu-
tions to the RKC-type inhomogeneous structure in the
massive case has been already studied in [11], while
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there have been little studies about the DCDW-type
structure. This is because the exact solutions have not
been obtained for the DCDW-type structure in the pres-
ence of the current quark mass, while this configura-
tion bears rich physical contents and might have phe-
nomenological implications as we will see latter.
One way to discuss such effect is a perturbative ap-
proach from the chiral limit, without changing quark
wave function and the form of inhomogeneous chiral
condensates. This approach has been discussed in [12],
but may not be sufficient to study the DCDW-type struc-
ture. As we shall see, the function form of the inho-
mogeneous order parameters has been largely changed,
especially near the critical point.
Note that the current quark mass effect to the DCDW-
type inhomogeneous structure changes it qualitatively
while the RKC-type changes it quantitatively. DCDW
utilizes the chiral surface after spontaneous symmetry
breaking, which is formed by the minima of the effec-
tive potential; all the points on the surface, designated
by (〈 ¯ψψ〉, 〈 ¯ψiγ5τψ〉), are then equivalent to each other in
the chiral limit. Usually only the point
(〈 ¯ψψ〉, 0) is cho-
sen as a fiducial point. Restricting the isospin degrees
of freedom to τ3, we have a chiral circle U(1) specified
by the chiral angle θ. DCDW uniformly winds along the
chiral circle with the spatial dependence of θ, θ(z) = qz;
the energy increases in the kinetic energy is then com-
pensated by the attractive interaction between DCDW
and quarks. Once the mass term is taken into account,
the chiral circle deforms and points on the chiral circle
become no more equivalent to each other for the point
θ = 0 to be the absolute minimum. Accordingly θ(z)
should be deformed to take an optimal form. This is
the leading order effect and qualitatively modifies the
form of θ(z). Note that the amplitude of DCDW should
not be so affected by the inclusion of the finite quark
mass, since the modification of the radius of the chiral
circle should be a minor effect. Since the spatial depen-
dence is restricted to the radius direction for RKC, Z2
symmetry is violated in this case. Then, RKC should
be changed only quantitatively by the finite quark mass
effect. This is the reason for the importance of consid-
ering effect of the finite quark mass in the DCDW-type
inhomogeneous structures.
To look for the unknown DCDW-type inhomoge-
neous structure, we propose here a variational approach.
We start from two flavor and three color NJL model in
1+3 dimensions at finite temperature and chemical po-
tential. Here we assume no external magnetic field and
no isospin asymmetry. Lagrangian is given as
LNJL = ¯ψ(i /∂ − mc)ψ +G[( ¯ψψ)2 + ( ¯ψiγ5τψ)2], (1)
where mc is the current quark mass. The form of the
chiral condensates is assumed such that
〈 ¯ψψ〉 = ∆ cos θ(z), (2)
〈 ¯ψiγ5τ3ψ〉 = ∆ sin θ(z), (3)
as a generalization from DCDW in the chiral limit: ∆ is
a uniform amplitude of condensates, and the chiral an-
gle θ(z) is now a dynamical variable, and reduced to qz
in the chiral limit. Using the mean-field approximation
and inserting Eq.(2) and Eq.(3) in the NJL Lagrangian
Eq.(1), the Lagrangian reads
LMF = ¯ψ[i /∂ − M − U(θ(z))]ψ −G∆2, (4)
where M = mc − 2G∆ is the dynamical quark mass and
U(θ(z)) = −2G∆ exp(iγ5τ3θ(z)) − M + mc.
The mean-field thermodynamic potential then ren-
ders
ΩMF = −TTr log[i /∂− M + µγ0 −U(θ(z))]+G∆2V, (5)
where the operator trace (Tr) means the sum over fla-
vor, color, Matsubara frequency and integration over the
momentum space. V is the volume of the system, Our
main purpose here is to determine the inhomogeneous
condensates and quark wave function self-consistently.
Introducing the Dirac operator
HD = −iγ0 γ · ▽ + γ0M + γ0U(θ(z)), (6)
we explicitly write the self-consistent equations
HDψα = Eα(θ)ψα, (7)
〈 ¯ψψ〉 + i〈 ¯ψiγ5τ3ψ〉 = ∆eiθ(z). (8)
If we can solve Eqs.(7), (8) simultaneously, we would
find the general inhomogeneous structure and their ther-
modynamic potential, but it might be too difficult to
solve them analytically. Instead, we propose an alter-
native method here. First we intuitively guess the func-
tion form of the chiral angle θ(z) by referring to the
1+1 dimensional case, where it has been shown that θ
can be well approximated by the solution of the sine-
Gordon equation in the presence of the mass term [13].
We can then expect that the one-dimensional structure
of the similar kind should be also realized in our case
by embedding it in 1+3 dimensions. Actually we can
see that such equation emerges by way of the deriva-
tive expansion of ΩMF and the solutions consist of the
one-parameter family. Then we solve the Dirac equa-
tion for quarks using these solutions. We shall see this
procedure works well in the whole region of the inho-
mogeneous chiral phase.
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Rewriting ΩMF in the form, ΩMF =
−TTrlog
[
S −10 − U
]
, with S 0 being the free propa-
gator of quarks at finite T, µ,
S 0(x, y) = 1i /∂ + µγ0 − M δ(x − y). (9)
We invoke the derivative expansion; expanding ΩMF
with respect to ∂ in a Taylor series;
Tr log
[
S −10 − U(θ(z))
]
= Tr log
[
S −10 (1 − S 0U(θ(z)))
]
∼
∞∑
n=1
1
n
(
1
i /∂ + µγ0 − M
U(θ(z))
)n
.
(10)
Here we have neglected Tr log S −10 because it has no in-
fluence on the equation of motion (EOM) of θ(z). We
can regard Eq. (10) as infinite sum of Feynman dia-
grams and rewrite with respect to derivative, we find
ΩderMF =
1
2
f ∗2pi (∂zθ(z))2 − mc∆ cos θ(z), (11)
up to O(∂2) [14, 15].
If |dθ/dz| becomes large, higher derivative terms may
become important. However, the mass term becomes
irrelevant there and the solution should always be the
linear function as in the original DCDW, which can be
reproduced only by the leading term. Here we drop the
irrelevant constants for deriving the EOM of θ(z), and
f ∗pi is the pion decay constant in medium defined by;
f ∗2pi =
N f NcM2
16pi3
[
2piEi(−M2) −
∑
s=±
∫
d3 p 1
E3/2
1
1 + eβ(E+sµ)
]
,
(12)
where Ei(x) is the exponential integral, E =
√
p2 + M2
and β is the inverse temperature; β = 1/T .
Then we derive the EOM of θ(z) from the variational
principle, δΩderMF/δθ = 0,
d2θ(z)
dz2
− m∗2pi sin θ(z) = 0, (13)
where we used the Gell-Mann-Oakes-Renner relation,
f ∗2pi m∗2pi = −mc∆. Eq.(13) is the sine-Gordon (SG) equa-
tion. Obviously the SG equation is reduced to the mass-
less Klein-Gordon equation in the chiral limit, and the
chiral angle is then given by the linear function, which
gives the trigonometric function for the condensates
through Eqs.(2) and (3). This configuration is the orig-
inal DCDW. If |dθ/dz| ≫ m∗pi, the second term can be
safely neglected. Thus the original DCDW is an good
approximation there. On the other hand, it becomes im-
portant as |dθ/dz| ≃ m∗pi; we can expect a large defor-
mation of the original DCDW there. Note that we have
only used the free quark propagator in this derivation.
We shall take into account the back-reaction of θ or con-
densates to the quark wave-function in the next step.
The solution of the SG equation is given by the Jaco-
bian amplitude function am(x, k):
θ(z) = pi + 2am
(
m∗piz
k , k
)
, (14)
where 0 ≤ k ≤ 1 is the modulus parameter. Note that
k measures the deformation from DCDW; in the limit,
k → 0, am(x, k) → x or θ(z) is reduced to a linear func-
tion:
θ(z) → pi + 2m
∗
pi
k z when k → 0. (15)
This means that the inhomogeneous condensates are re-
duced to the original DCDW when k → 0. In the oppo-
site limit, k → 1, am(x, k) → arcsin tanh(x) so that θ(z)
goes to sine-Gordon kink:
θ(z) → pi + 2 arcsin tanh
(
m∗piz
k
)
when k → 1. (16)
Taking together, we can see that as a value of k becomes
larger, the spatial modulation of the chiral angle is more
remarkable.
Once the function form of θ is obtained, we try
to solve the Dirac equation (7) in the background of
θ. However, it is a hard task yet. To circumvent
the difficulty we take the following procedure. Us-
ing the property, dθ(z)/dz = (2m∗pi/k)dn(m∗piz/k, k), we
can see that it fluctuates around some mean value.
Thus we may expect that the DCDW-type wave func-
tion should be suitable for the quark field by replac-
ing the derivative term by its spatial average. We write
ψ = Nexp(iγ5τ3qz/2)exp(ip · r), for momentum p with
a variational parameter q, which is then related to k by
the relation,
q ≡ 〈∂zθ(z)〉 = pim
∗
pi
kK(k) , (17)
with the complete elliptic integral of the first kind, K(k)
. Substituting the DCDW-type wave function in Eq. (8),
we can easily see the self-consistency is satisfied if the
spatial average of θ is taken in R.H.S. We will examine
the validity of our variational ansatz in the numerical
results to see it works over the whole region of the in-
homogeneous chiral phase.
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Finally the thermodynamic potential is given as
ΩMF ≃ ΩDCDW + ΩSB +G∆2V, (18)
ΩDCDW = −TTr log[S −1ref + µγ0], (19)
ΩSB = −TTr[(S −1ref + µγ0)−1F(mc; θ(z))]., (20)
where S ref is the DCDW-type propagator, S −1ref(θ(z)) =
i /∂ − M + q/2τ3γ5γ3. and the remaining O(mc) term,
F(mc; θ(z)) = −mc(cos(θ(z)) − 1 + iγ5τ3 sin(θ(z))). Here
ΩDCDW is the formula of the DCDW thermodynamic po-
tential with the wave number q and ΩSB represents the
effect of explicit symmetry breaking of O(mc). Note
that in the chiral limit θ(z) → qz and ΩSB → 0 so
that Eq.(18) recovers the original DCDW [9]. Inserting
the form of θ(z) Eq.(14) in the thermodynamic potential
Eq.(18), we explicitly write down the thermodynamic
potential:
ΩMF = ΩDCDW + ΩSB +
(M − mc)2
4G
, (21)
ΩDCDW = Ωvac + Ωthermal,
Ωvac =
N f Nc
8pi5/2
∑
s=±
∫ ∞
1
dx
x5/2
∫ ∞
0
dy
[
e−(
√
y2+M2+sq/2)2 x
]
,
Ωthermal = −
N f NcT
2pi2
∑
s,l=±
∫ ∞
0
dy
∫ ∞
0
dz y
[
log
{
e−β((y
2+(
√
z2+M2+sq/2)2)1/2+lµ) + 1
}]
,
ΩSB = N f Nc f ∗2pi m∗2pi
2
k2K(k)
[
E(k) −
(
1 − k2
)
K(k)
]
,
where E(k) is the complete elliptic integral of the sec-
ond kind. ΩDCDW is the thermodynamic potential of the
original DCDW; Ωvac is the contribution from the vac-
uum and Ωthermal is the contribution from finite temper-
ature and chemical potential.
Minimizing the thermodynamic potential Eq.(21)
with respect to ∆ and k for each T and µ, we get the
QCD phase diagram in Fig.1. Similarly to the case in
the chiral limit, the inhomogeneous phase appears be-
tween the homogeneous condensate phase and chiral
restored phase in the QCD phase diagram. The phase
transition is of the first order on the left phase bound-
ary. On the other hand, since it is a crossover from
the inhomogeneous phase to the chiral restored one in
the presence of the mass term, there is some ambigu-
ity about the right phase boundary. Generally it may be
defined as a line where the double-well type function
of the effective potential changes to the single-well one
(the convex condition) [16].
Figure 1: QCD phase diagram at finite temperature and/or density in
mc = 0, 5MeV. Red region is the chiral inhomogeneous phase. As
the current quark mass increases, the area of inhomogeneous phase
monotonously decreases.
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Figure 2: QCD phase diagram in mc = 5MeV. Blue (dash) line de-
notes the phase boundary of the left hand side of the inhomogeneous
phase. Red (solid) line also denotes the right hand side. Green (dot)
line is the phase boundary between homogeneous phase and chiral re-
stored phase.Black dot denotes the CEP(LP) and black square denotes
the ”LP” respectively.
We simply draw it by invoking the correlation func-
tion method [9] in Fig. 1,2. Correlation function method
is the exact method which determine the right phase
boundary in the chiral limit. From [9], the phase bound-
ary would be fixed by the following conditions;
1 − 2GΠps(q) = 0 and ∂qΠps(q) = 0, (22)
where Πps(q) is the correlation function of the pseudo-
scalar density with momentum q in the chiral limit.
In Fig.2, we see that the Lifshitz point (LP), which
is the triple point of the homogeneous phase, chiral re-
stored phase and inhomogeneous phase, appears near
the critical end point (CEP). In fact, numerical calcu-
lations show that the wave number becomes smaller
monotonously with approaching to LP (see Fig. 3 and
Eq. (17) ). The critical point given by the correlation
4
function method (”LP”) in Fig. 2 is located at some-
what different point from CEP, while the generalized
Ginzburg-Landau theory (gGL) tells that LP should co-
incide with CEP [18]. Such difference may be attributed
to our procedure; we draw the right phase boundary by
using the correlation function method, but it is valid ”in
the chiral limit”. With switching the current quark mass,
the condition Eq.(22) should be properly changed; Con-
sidering the current quark mass, the Ginzburg-Landau
expansion is represented as
ΩGL = −α1M + α2 M2 + α4 M4., (23)
where the coefficient α1 is the contribution from the
current quark mass. The coefficient α2 represents the
inverse of the correlation function in the pseudoscalar
channel [9];
α2 =
1
2
Γ−1ps (q) =
1
2
(
1 − 2GΠps(q)
)
. (24)
From Eq. (23), we can extract the convex condition;
4α1α4 = α22, which determine the right phase bound-
ary after imposing the minimizing condition with q. In
the low temperature region, the constituent mass of the
restored phase is sufficiently small and we can drop
O(M4) and set α1 ∼ 0, which is just Eq.(22). Near CEP,
on the other hand, where the constituent mass is large
and we should consider O(M6) in the GL expansion,
which ensures the coincidence of LP and CEP. Thus the
condition should be changed to describe the CEP region
more correctly. Further discussion would be given else-
where [17].
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Figure 3: Changing of k with increasing T on the phase boundaries
of the inhomogeneous phase. Blue (Red) line shows the left (right)
phase boundary. Black dot(square) denotes the CEP(”LP”).
Next we demonstrate the change of the properties
of the inhomogeneous phase by changing the value of
modulus along the phase boundaries. In Fig.3, we see
that the modulus k monotonously increases or the wave
number q decreases with increasing temperature toward
the critical point. This feature can be understood by
the equation of motion of θ(z) Eq.(13). In our results,
the wave number q decreases monotonously as temper-
ature increases. Since the wave number is much larger
than the pion mass in the low temperature region, the
first term of Eq.(13) is dominant to make the inhomo-
geneous structure not so deformed from the original
DCDW. Near the critical point, however, the wave num-
ber becomes even smaller than the pion mass, so that
the second term of Eq.(13) becomes important and the
condensates have been largely deformed.
Figure 4: Profile of the scalar condensate 〈 ¯ψψ〉. Solid line shows the
value in the low temperature region, while Dash line the value near
CEP. The amplitude of 〈 ¯ψψ〉 is rescaled.
Finally we see the change of the profile of the chi-
ral condensates. Fig.4 shows that the scalar conden-
sate oscillates almost periodically in the low tempera-
ture region, while it becomes unevenly distributed near
the critical point. This uneven distribution can be un-
derstood as the consequence of the deformation of the
chiral circle; the chiral circle is no more flat in the pres-
ence of the mass term: the mass effect makes the abso-
lute minimum on the chiral circle (∼ −1 in Fig.4 ), so
that the condensate favors to stay around this minimum.
In this paper, we consider the effect of the current
quark mass to the inhomogeneous chiral phase with the
DCDW-type structure. Since there is no exact solution
for the DCDW-type structure, we propose a variational
method to this problem and figure out some features of
the modified DCDW state with the current quark mass.
The equation of motion for the chiral angle is given by
the SG equation and the second term in this equation im-
plies the effect of the current quark mass. Because the
current quark mass deforms the chiral circle, the func-
tion form of the condensates has been modified from
DCDW qualitatively; the chiral angle exhibits even the
kink-like form near the critical point. Minimizing k and
∆, we have studied the QCD phase diagram on the T −µ
plane and found that the inhomogeneous phase appears
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even if the current quark mass is switched on. In the low
temperature region, modulus k is small so that the de-
formation from DCDW is small, while k becomes large
then the structure is much deformed near the critical
point. Finally we discuss the validity of the approxi-
mation in our framework. In the well developed phase,
where q is rather large or k is small, the spatial modu-
lation of |dθ/dz| is small and our assumption should be
legitimate. One may be worried about the large defor-
mation (k ∼ 1) near the critical point, while our results
look to well describe it. Note that the phase with the
kink-like solution is equivalent with the uniform phase
[7]; actually we can immediately see that q → 0 and
ΩSB → 0 in Eq. (20). This is why our ansatz can de-
scribe the critical point correctly.
Thus we have seen that our approach works well in
the vicinity of the critical point or the phase boundary as
well besides the fully-developed DCDW phase. How-
ever, the numerical calculation may be possible to find
the solution corresponding to the deformed DCDW, by
solving the Hartree equations. It should be then inter-
esting to check the validity of our approach by compar-
ing our result with them. This subject is left as a future
work.
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